Abstract. This paper studies the Vlasov-Monge-Ampère system (VMA), a fully non-linear version of the Vlasov-Poisson system (VP) where the (real) Monge-Ampère equation det ∂ 2 Ψ/∂x i ∂x j = ρ substitutes for the usual Poisson equation. This system can be derived as a geometric approximation of the Euler equations of incompressible fluid mechanics in the spirit of Arnold and Ebin. Global existence of weak solutions and local existence of smooth solutions are obtained. Links between the VMA system, the VP system and the Euler equations are established through rigorous asymptotic analysis.
Introduction
The classical Vlasov-Poisson (VP) system describes the evolution of an electronic cloud in a neutralizing uniform background through the following equations:
where f (t, x, ξ) ≥ 0 denotes the electronic density at time t ≥ 0, point
and ϕ(t, x) denotes the electric potential at time t and point x generated through the Poisson equation (2), where is a coupling constant, by the difference between the electronic density ρ(t, x) and the neutralizing background density, which is supposed to be uniform and normalized to unity.
have been used and · stands for the inner product in R d . The mathematical theory of the VP system is now well understood. In particular, existence of global smooth solutions in three space dimensions has been proved in [P] (see also THE VLASOV-MONGE-AMPÈRE SYSTEM 1183
[LiP], [S] ). In the present paper, a fully nonlinear version of the VP system is addressed: 
where { · , · } denotes the usual Poisson bracket.
Formally, as the coupling constant is small, the VP and VMA equations asymptotically approach each other up to order O( 4 ). Indeed, linearizing the determinant about the identity matrix leads to
The formal limit, as = 0, reads
where constraint (10) substitutes for both the Poisson and the MongeAmpère equations. The limit system (9,10), that we call the constrained Vlasov system, can be seen as a 'kinetic' extension of the Euler equations of classical incompressible fluid mechanics,
where v(t, x) ∈ R d and p(t, x) ∈ R respectively are the velocity and the pressure of the fluid at time t and position x. Indeed, any smooth solution (v, p) provides a 'monokinetic' solution to the constrained Vlasov system (9,10), defined by f (t, x, ξ) = δ ξ − v(t, x) , ϕ = −p . Here a monokinetic solution means a delta-valued solution in the ξ variable. In addition, the constrained Vlasov system (9,10) turns out to be a natural
